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1. Introduction
In this paper, and its companion [4], we propose a new approach to considering the structure of the family of closed
subgroups of a compact topological group, using the topological notion of hyperspaces. Although, in full generality, this
theory applies to compact groups, many results are proved for the important subclass of proﬁnite groups; the assumption
of proﬁniteness appears essential in those proofs.
Given a topological space X , we denote by K(X) the set of all non-empty compact subsets of X . Various topologies may
be deﬁned on K(X), making K(X) into a “hyperspace” of X ; one of the standard topologies, and the one which we shall
use here, is the Vietoris topology. Although the interested reader may ﬁnd details of this topology in, for example, [3], we
shall show that, when looking at the hyperspace of a topological group, the Vietoris topology may be expressed in a much
simpler form.
We can now introduce the basic objects of investigation. Given a compact topological group G , these are the following
subspaces of K(G):
S(G) = all closed subgroups of G—the ‘subgroup space’ of G .
C(G) = {xH: H ∈ S(G), x ∈ G}—the ‘coset space’ of G .
N (G) = {H ∈ S(G): H is normal}—the ‘normal subgroup space’ of G .
In this paper, some fundamental results concerning these spaces are described: embeddings of the subgroup spaces are
examined, followed by cardinal invariants and the preservation of projective representations. The next section examines
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product of two groups, and in the ﬁnal section, the subgroup space of some well-known compact groups is computed.
The companion paper will develop the theory further, with particular emphasis on Abelian compact groups and proﬁ-
nite groups (i.e. zero-dimensional compact groups). In the ﬁrst half, we examine connexion and zero-dimensionality. We
show that none of the three spaces is connected. All three, however, exhibit different behaviour with regard to zero-
dimensionality, and we characterise when each is zero-dimensional.
It is a fundamental result that compact topological groups have the much stronger property of being Dugundji compact.
In the second half of the companion paper, we show that Dugundji compactness is inherited by the subgroup space of a
proﬁnite group of weight no more than ℵ1, while the subgroup space of an arbitrary proﬁnite group is always κ-metrisable,
a slightly weaker property. This allows us to deduce other properties of the subgroup space.
These results for proﬁnite groups are further built on by Gartside and Smith [5] and [6], leading to an incomplete, but
extensive, classiﬁcation of the possible homeomorphism types of the space of subgroups of a proﬁnite group.
1.1. Lifting actions and homomorphisms
We shall use the following well-known result:
Lemma 1. Let X , Y and Z be spaces, and f : X → Z , g : X × Y → Z continuous functions. Then the functions
K f : K(X) → K(Z) deﬁned by (K f )(A) = f [A],
K′g : K(X) × K(Y ) → K(Z) deﬁned by (K′g)(A, B) = g[A × B]
are both continuous.
We deﬁne κ : G × S(G) → S(G) and τ : G × C(G) → C(G) to be the conjugation and translation actions of G on S(G)
and C(G), respectively. Thus κ(g, H) = gHg−1, and τ (g, H) = gH . Lemma 1 tells us that these actions are continuous.
Moreover, given compact groups G1 and G2, and a continuous homomorphism ϕ : G1 → G2, the map Sϕ : S(G1) →
S(G2) deﬁned by (Sϕ)(H) = ϕ[H] is continuous. (We note that by compactness, the continuous homomorphic image of a
closed subgroup will also be a closed subgroup.)
Theorem 2. The spaces S(G), C(G) and N (G) are compact Hausdorff, and in the language of category theory, S , C and N are
covariant functors from the category of compact Hausdorff groups to compact Hausdorff spaces.
Proof. Extending multiplication on G by Lemma 1, we have a continuous map μ : K(G) × K(G) → K(G) deﬁned by
μ(A × B) = AB . Similarly, we extend inversion to a continuous map ι : K(G) → K(G) deﬁned by ι(A) = A−1. Hence the
maps A → AA and A → A−1 from K(G) to K(G) are continuous.
Since K(G) is Hausdorff, the sets of ﬁxed-points F1 = {A ∈ K(G): AA = A} and F2 = {A ∈ K(G): A−1 = A} are closed.
Hence S(G) = F1 ∩ F2 is closed in K(G), and hence compact.
For the coset space, C(G), observe that G × S(G) is compact in G × K(G), hence C(G) = τ [G × S(G)] is compact.
Similarly to the above, the set Fg = {H ∈ S(G): H = g−1Hg} is closed in K(G). Hence N (G) =⋂g∈G Fg is closed and
therefore compact.
Saying that S is covariant is simply saying that a continuous homomorphism from G1 to G2 is lifted to a continuous
map between S(G1) and S(G2); similarly for C and N . 
1.2. Describing the topology on S(G) and C(G)
Every topological group supports a variety of uniformities compatible with the topology. These include Ul and Ur , the
left and the right uniformities, with basis all {(x, y): x ∈ yU } and all {(x, y): x ∈ U y} respectively, and also the uniformity
Ub with basis all {(x, y): x ∈ U yU }. In the above three cases, U runs over all open neighbourhoods of the identity.
Michael [9] proved that if U is a compatible uniformity on a space X , then K(X) has a natural induced uniformity
compatible with the Vietoris topology on K(X). We therefore have alternative uniform descriptions of the topology on the
spaces; this description has proved much easier to handle. We note that since G is compact, it has a unique compatible
uniformity, so all the uniformities described above are in fact the same.
Corresponding to the above uniformities on G are the local bases at a point H in S(G):
BSl (H,U ) =
{
K ∈ S(G): K ⊆ UH and H ⊆ U K},
BSr (H,U ) =
{
K ∈ S(G): K ⊆ HU and H ⊆ KU},
BSb (H,U ) =
{
K ∈ S(G): K ⊆ UHU and H ⊆ U KU},
where U is an open neighbourhood of the identity in G .
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Similarly, we have from the right uniformity, basic open neighbourhoods of the point xH in C(G):
BCr (xH,U ) = {yK ∈ C(G): yK ⊆ xHU and xH ⊆ yKU }; for an open neighbourhood U of the identity.
However, it is a simple exercise (and is more informative) to relate basic open sets in C(G) with basic open sets in G
and S(G).
Lemma 3.When U is an open normal subgroup:
BC(xH,U ) = xHU .BS (H,U ) = {xhuK : xhu ∈ xHU , and K ∈ BS (H,U )}.
This is simply saying that yK is close to xH if and only if K is close to H , and y is close to x modulo H .
We concentrate on the space of left cosets. We note that this poses no loss of generality: the spaces of right and left
cosets are naturally homeomorphic under the map xH → Hx.
2. Fundamental results
2.1. The embeddings
We ﬁrst indicate how the various spaces of subgroups and cosets are related. The ﬁrst claim is immediate from the
deﬁnition of the topology on C(G).
Lemma 4. The group G naturally embeds in C(G) via the map x → {x}.
A subspace A of a space X is said to be K0-embedded if there is an operator k assigning to each open subset U of A
an open subset k(U ) of X such that (1) k(U ) ∩ A = U and (2) if ⋂ni=1 k(Ui) 
= ∅ then
⋂n
i=1 Ui 
= ∅. The existence of a K0
operator for N (G) in S(G) facilitates the transfer of topological properties, which might not otherwise be hereditary to
close subspaces, from S(G) to N (G). An example of this phenomenon appears in Corollary 9 of [4] (N (G) is κ-metrizable
for proﬁnite G , and hence has the countable chain condition).
Lemma 5. The space of normal subgroups N (G) is K0-embedded in S(G).
Proof. Let N ∈ N (G) and U be an open neighbourhood of the identity in G . Let π be the natural homomorphism of
G → G/N , and let U ′ = π(NU ). We select a closed normal subgroup K ′ of G/N such that K ′ ⊆ U ′ and (G/N)/K ′ is a
compact Lie group.
Let K (= K (N,U )) = π−1K ′ . Then G/K = (G/N)/K ′ is compact Lie and K ⊆ NU . As K is isolated in S(G/K ), SK (G) =
{H ∈ S(G): H ⊆ K } is clopen in S(G). Thus, V (= V (N,U )) = SK (G) ∩ BS (N,U ) is an open neighbourhood of N in S(G)
such that
V ∩ N (G) ⊆ BN (N,U ). (1)
Additionally, if
⋂n
i=1 V (Ni,Ui) is non-empty, then
n⋂
i=1
BN (Hi,Ui) 
= ∅. (2)
For, if H ∈⋂ni=1 V (Ni,Ui), then H ⊆ Ki , H ⊆ NiUi and Ni ⊆ HUi , where Ki = K (Ni,Ui) (i = 1, . . . ,n). Let K = K1 ∩ · · · ∩ Kn .
Clearly K ⊆ NiUi , and Ni ⊆ KUi , since Ni ⊆ HUi and H ⊆ K (again, for i = 1, . . . ,n). Thus K ∈⋂ni=1 BN (Ni,Ui), as required.
Finally, deﬁne, for U open in N (G), k(U) =⋃{V (N,U ): BN (N,U ) ⊆ U}. It follows from (1) and (2) that k witnesses
that N (G) is K0-embedded in S(G). 
The subgroup space, too, is ‘nicely’ embedded in its ambient space C(G). In this case we have a property stronger than
K0-embedding; for there is a natural candidate for a retraction from the coset space of a group to its subgroup space,
namely the map σ : C(G) → S(G) deﬁned by σ(xH) = H .
Proposition 6. The map σ is continuous, and S(G) is a retract of C(G).
Proof. Fix xH in C(G). Of course, σ(xH) = H . So take a basic neighbourhood, Bb(H,U ) of H .
A (right) basic neighbourhood of xH is B(xH, V ) = {yK : yK ⊆ xHV and xH ⊆ yK V }. To show continuity, let us take
V = U (assumed symmetric); we will show that σ [B(xH,U )] ⊆ Bb(H,U ).
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Well, y = xhu, so y−1x = u−1h−1 ∈ UH . Hence, K ⊆ y−1xHU ⊆ UHHU = UHU . Also, x = yku, so x−1 y = u−1k−1 ∈ U K .
Thus, H ⊆ x−1 yKU ⊆ U K KU = U KU . 
Corollary 7. Recall that G acts on C(G) by translation. Let C(G)/G denote the orbit space, and π the natural map from C(G) to
C(G)/G. Then S(G) is naturally homeomorphic to C(G)/G.
To see this let i be the natural bijection between S(G) and C(G)/G (so i(H) = [H]). Then i and its inverse are continuous
since π and σ are continuous and quotient.
2.2. Subgroups of ﬁnite rank
We recall that a subgroup H of a group G is of rank n if H is topologically generated by n elements of G—that is, there
are elements x1, . . . , xn in G such that 〈x1, . . . , xn〉 = H .
We deﬁne Sn(G) to be all subgroups of G of rank  n. There is a natural map γn : Gn → S(G) deﬁned by γn(x1, . . . , xn) =
〈x1, . . . , xn〉.
The following proposition is necessary for results in [6].
Proposition 8. If G is proﬁnite, then γn is continuous for every n ∈ N.
Proof. Fix n, and a point x= (x1, . . . , xn) ∈ Gn . Take a basic open neighbourhood Br(〈x1, . . . , xn〉,U ). A basic open neighbour-
hood of x in Gn is a set of the form x1V ×· · ·× xnV , where V is an open normal subgroup. Note that γn[x1V ×· · ·× xnV ] =
{〈x1v1, . . . , xnvn〉: v1, . . . , vn ∈ V }.
To show continuity it is suﬃcient to ﬁnd a V such that
(1) 〈x1v1, . . . , xnvn〉 ⊆ 〈x1, . . . , xn〉U ∀v1, . . . , vn ∈ V , and
(2) 〈x1, . . . , xn〉 ⊆ 〈x1v1, . . . , xnvn〉U ∀v1, . . . , vn ∈ V .
In fact, taking V = U is suﬃcient. For then 〈x1v1, . . . , xnvn〉 ⊆ 〈x1, . . . , xn〉U , which is a closed subgroup, and hence
〈x1v1, . . . , xnvn〉 ⊆ 〈x1, . . . , xn〉U , proving (1).
Also, v−1i ∈ U , so xi = xi vi v−1i ∈ 〈x1v1, . . . , xnvn〉U , hence 〈x1, . . . , xn〉 ⊆ 〈x1v1, . . . , xnvn〉U , proving (2). 
The following example shows that proﬁniteness of G in the above proposition is necessary.
Example 9. A non-proﬁnite group such that γ1 is not continuous.
We consider the circle group T. The closed subgroups of T are T itself, {1} and the cyclic subgroups (those subgroups of
the form {e2nπ i/m: n ∈ N, nm}, for m ∈ N). Now S1(T) consists of precisely these subgroups, but each cyclic subgroup is
isolated in S(T), hence S1(T) is disconnected. But T is connected, so γ1 cannot be continuous.
2.3. Cardinal invariants
Much is known about the cardinal invariants of topological groups. In this section we investigate the relationship be-
tween the weight and character of a compact group and its subgroup (normal subgroup, coset) space. The weight of a
space X , denoted w(X), is the minimal size of an inﬁnite basis for X . The character of a point x in X , denoted χ(x, X), is
the minimal size of an inﬁnite local base for x in X ; and the character of X , written χ(X), is the supremum of χ(x, X)
for x in X . (Thus a space is second countable if and only if it has countable weight, and is ﬁrst countable if and only if it
has countable character.)
Proposition 10. For a compact group G, χ(I,S(G)) = χ(1,G), where I is the trivial subgroup of G.
Proof. Recall that a local basis at I in S(G) is given by the collection of all sets B(I,U ) = {K ∈ S(G): K ⊆ U }, where U
is an open neighbourhood of 1 in G . Suppose that U is a local basis at 1 in G . Then {B(I,U ): U ∈ U} is a local basis at I
in S(G). Hence χ(I,S(G)) χ(1,G).
Conversely, suppose that U is a collection of open neighbourhoods of 1 in G such that {B(I,U ): U ∈ U} is a local basis
at I in S(G). Given U ∈ U , we deﬁne a sequence (Un) of open neighbourhoods of 1 such that U0 = U , and Un+1.U−1n+1 ⊆ Un ,
and set NU =⋂Un . Then NU is a subgroup of G , and since Un+1 ⊆ Un , NU is a closed subgroup. Using the compactness
of G [see [7, Theorem 4.9, p. 19]], we can pick inside U an open neighbourhood of 1 which is invariant under conjugation.
Hence, without loss of generality, we may suppose that NU is a normal subgroup. Let V = {Un: U ∈ U , n ∈ N}. Then
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⋂V . This is a closed normal subgroup, and N ⊆ U
for every U ∈ U . Hence N ∈⋂U∈U B(I,U ) = {I}.
Since {1} =⋂V , and G is compact, the family V is a local base in S(G) for the identity element. Hence χ(1,G) 
χ(I,S(G)), as required. 
Corollary 11. For a compact group G, the weight and character of G, S(G), N (G) and C(G) are all equal.
Proof. We shall prove this ﬁrst for S(G). It is a known result (see, for example, Theorem 3.9 of [1]) that w(G) = χ(G). It is
also a standard result from the theory of hyperspaces that w(G) = w(K(G)). Hence w(S(G)) w(K(G)) = w(G) so
w(G) = χ(G) = χ(1,G) = χ(I,S(G)) χ(S(G)) w(S(G)) w(G).
Now Proposition 10 holds with C(G) and N (G) in place of S(G); the analogous cardinal calculations give us the result. 
2.4. Projective representations
Every compact group can be represented as a projective (or inverse) limit of compact metrisable groups. Each such
representation yields natural representations of S(G), N (G) and C(G) as projective limits of subgroup (respectively, normal
subgroup, coset) spaces of compact metric groups. The following proposition is well known.
Proposition 12. Let G be a compact group. Then G is the projective limit of the quotient groups G/N, where N is a normal, closed Gδ
subgroup of G. Hence G/N is a compact, ﬁrst countable and hence metric, group, the bonding maps (which are the natural homomor-
phisms) are open, and the family 〈(N: N  G, N is closed Gδ),⊇〉 is countably directed.
Further, every compact group can be represented as a projective system of compact (possibly ﬁnite) Lie groups.
Proposition 13. Let G be a compact group, with projective representation G = lim← Gλ .
(1) S(G) = lim← S(Gλ),
(2) N (G) = lim← N (Gλ) and
(3) C(G) = lim← C(Gλ).
Proof. If (Xλ)λ is a projective system of spaces, then it is easy to check that the family (K(Xλ))λ , with the lifted bonding
maps, is also a projective system. In the case of a projective system of topological groups, then the subgroup (respectively
normal subgroup, coset) spaces similarly form a projective system. In [12], Zenor proved that if a space X has projective
representation X = lim← Xλ , then K(X) = lim← K(Xλ). Denoting by pλ the projection of X onto Xλ , and p∗λ the lifted map,
then the required homeomorphism T : K(X) → lim← K(Xλ) is deﬁned by T (A) = (p∗λ(A))λ . To prove (1), it is suﬃcient to
prove that T maps S(G) onto lim← S(Gλ).
Given a closed subgroup H of G , p∗λ(H) is a closed subgroup of Gλ , hence T (H) = (p∗λ(H))λ does indeed lie in
lim← S(Gλ). Conversely, take (Hλ)λ in lim← S(Gλ). Then H = lim←(Hλ) is a closed subgroup of G = lim←(Gλ), and
T (H) = (p∗λ(H))λ = (Hλ)λ .
The proofs of (2) and (3) are obtained similarly by checking that T behaves appropriately. 
This result allows us to reduce problems concerning compact groups to compact Lie groups and projective systems. An
example of this occurs in the proof of Theorem 8 of [4] (S(G) is κ-metrizable for proﬁnite G).
3. Duality
In this section we explain how two classical algebraic duality theories—Pontryagin duality and Galois Theory—allow us
to reinterpret results on the space of closed subgroups of a compact Abelian (respectively, proﬁnite) group in terms of
subgroups of discrete Abelian groups (respectively, subﬁelds of ﬁeld extensions).
Pontryagin duality establishes a correspondence between the class of compact Abelian groups and discrete Abelian
groups. This correspondence may be lifted to a correspondence between the subgroups spaces, and we can therefore induce
a topology on the space of subgroups of a discrete Abelian group.
Similarly, at the heart of Galois theory is the correspondence between subﬁelds of a ﬁeld extension and closed subgroups
of the associated Galois group. This Galois group is always proﬁnite, hence we may use the topology on the subgroup space
to induce a topology on the space of intermediate ﬁelds.
We show that these two approaches lead to a similar conclusion: the topology induced is in both cases the pointwise
topology.
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Let A be a locally compact Abelian group. We deﬁne A∗ , the Pontryagin dual of A, to be Hom(A,T), the locally compact
topological group of all continuous homomorphisms from A to the circle group T, endowed with the compact-open topol-
ogy. The fundamental result concerning Pontryagin duality is that the second dual A∗∗ is naturally isomorphic to A. The
Pontryagin dual of a discrete group is compact, while the Pontryagin dual of a compact group is discrete.
For the remainder of this section, A will denote a discrete Abelian group, and A∗ its compact Abelian dual. It is well
known that there is a bijection between subgroups of A and closed subgroups of A∗ . The natural maps are the following:
a closed subgroup H∗ of A∗ is mapped to H = {a ∈ A: χ(a) = 1 for every χ ∈ H∗}, while a subgroup H of A is mapped to
the closed subgroup H∗ of A∗ where H∗ = {χ ∈ A∗: χ(a) = 1 for every a ∈ H}.
We are able to use this bijection to deﬁne the ‘dual topology’ on S(A). Observe that S(A) with the Vietoris topology
(for A discrete) would be topologically unpleasant and certainly not compact. The dual topology, however, is compact.
It turns out that this dual topology can be identiﬁed as the pointwise topology. Thus, a basic neighbourhood of a sub-
group H of A has the form: B(H, F ) = {K  A: K ∩ F = H ∩ F }, where F is a ﬁnite subset of A. Henceforth we will denote
the space of subgroups of a discrete Abelian group A in the dual topology by Sp(A).
Theorem 14. The dual topology induced on S(A) by S(A∗) is the pointwise topology.
We break the proof of this result into a number of claims. The reader is reminded that a basic open neighbourhood of
the identity in A∗ is of the form
B(a1, . . . ,an;) =
{
χ :
∣∣χ(ai) − 1
∣∣<  for i = 1, . . . ,n}.
The ﬁrst lemma is an easy exercise.
Lemma 15. For any subgroups P and Q of A, and the corresponding closed subgroups P∗ and Q ∗ of A∗:
P∗ ⊆ Q ∗B(a1, . . . ,an;) if and only if, whenever χ ∈ A∗ and P ⊆ kerχ , then there is a ψ ∈ A∗ such that ψ |Q = χ |Q and
|ψ(ai) − 1| <  for 1 i  n.
The following lemma is a version of Corollary 1.1.3 in [2]; it is a stronger result than this Corollary as stated, but follows
as a consequence of the proof.
Lemma 16. Let A0  A, χ a character of A0 and x0 /∈ A0 .
If for all m 1, mx0 /∈ A0 then there is a χˆ ∈ A∗ extending χ such that χˆ (x0) is any desired element of T.
If there is a minimal m > 1 such that mx0 ∈ A0 , then there exists χˆ ∈ A∗ extending χ such that χˆ (x0) is any mth root of unity.
Proposition 17. For any subgroups P and Q of A, and the corresponding closed subgroups P∗ and Q ∗ of A∗:
if P∗ ⊆ Q ∗.B(a1, . . . ,an;π/3), then Q ∩ {a1, . . . ,an} ⊆ P .
Proof. Suppose, for a contradiction, ai ∈ Q but ai /∈ P . There are two cases.
Suppose mai /∈ P for every m 1. Then by Lemma 16, there is a character χ such that χ |P = 1 and χ(ai) = −1.
Otherwise, there is a minimal m > 1 such that mai ∈ P . Then by Lemma 16, there is a χ such that χ |P = 1 and
χ(ai) = −1 if m is even, χ(ai) = e(1−1/m)π i if m is odd.
In either case, by Lemma 16, there is a ψ ∈ A∗ such that ψ |Q = χ |Q and |ψ(ai)−1| < π/3. Now ai ∈ Q , so ψ(ai) = χ(ai),
but |χ(ai) − 1| > π/3. 
Proposition 18. The natural map S(A∗) to Sp(A) is continuous (and hence a homeomorphism).
Proof. Let us take any H in Sp(A) and {a1, . . . ,an} ⊆ A; a basic neighbourhood of H is U = {K : H ∩ {a1, . . . ,an} ⊆ K and
K ∩ {a1, . . . ,an} ⊆ H}.
By Proposition 17, the basic neighbourhood of H∗ ,
V = {K∗: K∗ ⊆ H∗.B(a1, . . . ,an;π/3) and H∗ ⊆ K∗.B(a1, . . . ,an;π/3)
}
,
maps inside U . 
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As we have seen above, the duality theory for discrete Abelian groups induces a duality between subgroups. A similar
story can be told for the Galois theory. In this case, however, the correspondence is between closed subgroups of Galois
groups and ﬁeld extensions.
Let K be a Galois extension of a subﬁeld F ; which is to say, K is a separable, normal and algebraic extension of F . The
Galois group of (K , F ), denoted G(K , F ), is the group of all ﬁeld automorphisms of K ﬁxing F . Giving G(K , F ) the topology
of pointwise convergence (so a basic neighbourhood of the identity is {g ∈ G(K , F ): g(x) = x for each x ∈ E}, E a ﬁnite
subset of K ) turns it into a compact zero-dimensional topological group, as the well-known proposition below states.
Proposition 19. Galois groups of Galois ﬁeld extensions are proﬁnite.
Not only is every Galois group (of a Galois extension) proﬁnite, but the converse is true. This means that topological
methods are available to attack problems in ﬁeld theory, and algebraic methods may help us in investigating arbitrary
proﬁnite groups. The proposition below was ﬁrst proved by Leptin (in German) and later by Waterhouse; details may be
found in [11].
Proposition 20. (Leptin [8], Waterhouse [10]) Every proﬁnite group is the Galois group of a Galois ﬁeld extension.
The topology on a Galois group is vitally important because it distinguishes those subgroups to be used in the Galois
correspondence. Abbreviate to G the Galois group G(K , F ) of a given ﬁeld extension. Write Field(K , F ) for the set of all
subﬁelds of K containing F .
Then the Galois correspondence between S(G) and Field(K , F ), is given by: H ∈ S(G) maps to H∗ where H∗ = {x ∈ K :
h(x) = x for all h ∈ H}, and L ∈ Field(K , F ) maps to L∗ where L∗ = {g ∈ G: g(x) = x for all x ∈ L}.
We will now show that the topology induced on the set of intermediate ﬁelds by the space of closed subgroups of a
Galois group is the pointwise topology.
Proposition 21. The induced topology on Field(K , F ) is the pointwise topology.
Proof. The basic open set
BS (H,U ) = { J : JU = HU }
in S(G) induces a basic open set
B(H∗,U∗) = { J∗: J∗ ∩ U∗ = H∗ ∩ U∗}
in Field(K , F ), where U∗ is a ﬁnitely generated subﬁeld of K .
For every ﬁnitely generated L ∈ Field(K , F ), we ﬁx a ﬁnite basis Sp(L) for L over F .
Given an open normal subgroup U of G , we deﬁne
E(U ) =
⋃{
Sp(F ): F a subﬁeld of U∗
}
.
Then E(U ) is ﬁnite, since there are only a ﬁnite number of subﬁelds of a ﬁnitely generated subﬁeld.
Now a basic open set in the topology of pointwise convergence is of the form
Bp(H∗, A) = { J∗: J∗ ∩ A = H∗ ∩ A},
where A is a ﬁnite subset of K .
Since Field(K , F ) with the induced topology is compact, it is suﬃcient to check that every pointwise basic open set is
open in the induced topology.
So, let L∗ ∈ B(H∗, A). Deﬁne U∗ = F [A]. Now clearly Bp(L∗, A) = Bp(H∗, A). Also Bp(L∗, A) ⊇ Bp(L∗, A ∪ E(U )) =
B(L∗,U∗)  L∗ . 
In the above proof, E(U ) was needed to ensure the equality of Bp(L∗, A ∪ E(U )) and B(L∗,U∗).
4. Invariance
4.1. Homomorphisms and subgroups
We have previously remarked that a continuous homomorphism ϕ can be lifted to a continuous map Sϕ between the
subgroup spaces.
In fact, by the Correspondence Theorem (sometimes called the ‘4th Isomorphism Theorem’), the subgroup space of a
continuous homomorphic image embeds in a natural manner in the subgroup space of the domain group. For a closed
subgroup H of a compact group G , we deﬁne SH (G) = {K ∈ S(G): H ⊆ K }.
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homeomorphism onto S(G2), and the map μN given by μN(H) = HN is a continuous retraction of S(G1) onto SN (G1), which is
equivalent to Sϕ .
Proof. Given H ∈ S(G2), it is clear that ϕ−1(H) is a closed subgroup of G1, containing N , and further that Ψ (ϕ−1(H)) = H .
Hence Ψ is surjective.
To show injectivity of Ψ , take K1 and K2 in SN (G1), with K1 
= K2. Without loss of generality, take k1 ∈ K1\K2. If
Ψ (K1) = Ψ (K2), then ϕ(k1) = ϕ(k2) for some k2 ∈ K2. But then k1k−12 ∈ N , so k1 ∈ Nk2 ⊆ K2, which is a contradiction.
So Ψ is certainly a continuous bijection. Now SN (G1) is the image of the continuous map μN : S(G1) → SN (G1), and so
it is a closed subspace of S(G1). Hence, by compactness, Ψ is a homeomorphism.
Clearly μN is a retraction; ﬁnally Ψ (μN (H)) = Ψ (HN) = ϕ[HN] = ϕ[H]ϕ[N] = ϕ[H] = Sϕ(H). 
We can similarly identify the space of subgroups of any (closed) subgroup. We write SH (G) for {K ∈ S(G): K ⊆ H}.
Lemma 23. Let H be a closed subgroup of G. Then S(H) is naturally homeomorphic to SH (G).
4.2. Products
For arbitrary (discrete) groups there is a venerable description of the subgroups of a direct product of two groups
(Goursat, 1890).
Theorem 24. Let G1 , G2 be groups, and set G = G1 × G2 .
(1) For H1  G1 , H2  G2 , N  H2 and an epimorphism α of H1 onto H2/N, H =⋃x∈H1 {x} × α(x) is a subgroup of G such that
πi(H) = Hi (i = 1,2).
(2) Conversely, if H  G, π1(H) = H1 (which we identify with H1 × {1}) and π2(H) = H2 (which we identify with {1} × H2), then
α, deﬁned by α(x) = {y: (x, y) ∈ H} is an epimorphism of H1 onto H2/N where N = H ∩ H2 is a normal subgroup of H2 .
For compact groups G1 and G2, it is not diﬃcult to use this result to give a description of S(G1 × G2).
Theorem 25. Let G1 , G2 be compact groups, and let G = G1 × G2 .
(1) For Hi ∈ S(Gi), N ∈ N (H2) and a continuous epimorphism α of H1 onto H2/N, H =⋃x∈H1 {x} × α(x) is in S(G), and satisﬁes
πi(H) = Hi .
(2) Conversely, if H ∈ S(G), πi(H) = Hi , then α deﬁned as in the preceding theorem is continuous.
Proof. The ﬁrst part is self-evident. For the second part, it is the continuity of α which is at issue. So, ﬁx H ∈ S(G), and
set Hi = πi(H). Recall that, for notational convenience, we are identifying H1 with H1 × {1} and H2 with {1} × H2. Deﬁne
α : H1 → H2/N by α(x) = {y ∈ H2: (x, y) ∈ H}, where N = H ∩ H2. Observe that α(x) = x−1H ∩ H2. Let αˆ be the set valued
mapping given by αˆ(x) = x−1H ∩ H2. It is easy to check that α is continuous if and only if αˆ is upper semi-continuous.
Deﬁne μH : H1 → H1 × H2 by μH (x) = x−1H , and cH2 : H1 → H2 by cH2(x) = H2. Both μH and cH2 are clearly upper
semi-continuous. Now, by a standard result, αˆ = μH ∩ cH2 must also be upper semi-continuous. 
This description of the closed subgroups of a ﬁnite product is less useful than one might hope. For example, we do not
know when S(G1 × G2) is homeomorphic to S(G1) × S(G2). For one very special case, we do have a positive answer. In
fact, we can pinpoint when all closed subgroups of a ﬁnite product must be rectangular, so that the natural map (h below)
of S(G1) × S(G2) to S(G1 × G2) is onto, and hence is a homeomorphism.
Deﬁnition 26. Let G be a topological group. Denote by Σ(G) the set of primes p such that G contains a topological copy of
either Zp or Cpn (some n 1). We call this set the spectrum of G .
Theorem 27. Let G1 and G2 be compact groups. Let h : S(G1)× S(G2) → S(G1 × G2) be deﬁned by h(H1, H2) = H1 × H2 . Then h is
onto (and hence is a homeomorphism) if and only if G1 and G2 are proﬁnite and Σ(G1) ∩ Σ(G2) = ∅.
Proof. From Theorem 25 it is clear that G1 × G2 contains a non-rectangular closed subgroup (not in the image of h) if and
only if there are closed subgroups H1 of G1 and H2 of G2, a closed normal subgroup N2 of H2 and a non-trivial continuous
homomorphism α of H1 onto H2/N2.
We ﬁrst show that if G1 is not proﬁnite then there is such an α (and so h is not onto). We pick ϕ a continuous homo-
morphism of G1 onto a compact Lie group K1. Since G1 is not zero-dimensional, we may suppose K1 contains a circle T .
We pick a continuous homomorphism ψ of G2 onto a compact Lie group K2. Two cases arise.
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H1 = ϕ−1Tn and H2 = G2. Now we see that θ(ϕ|H1) is a continuous non-trivial homomorphism of H1 onto K2, which is
H2/N2 where N2 = kerψ .
Case 2: K2 is not ﬁnite. In this case we may ﬁnd a circle T ′ in K2 and choose a non-trivial homomorphism θ of T
onto T ′ . Set H1 = ϕ−1T and H2 = ψ−1T ′ . Then θ(ϕ|H1) is a continuous non-trivial homomorphism of H1 onto T ′ , which
is H2/N2 where N2 = ker(ψ |H2).
For the remainder of the proof, G1 and G2 are proﬁnite.
Let us suppose that p ∈ Σ(G1) ∩ Σ(G2). Then, by deﬁnition, G1 and G2 contain copies of Zp or Cpn (some n  1). It is
trivial to construct homomorphisms α as in the ﬁrst paragraph using these subgroups as H1 and H2.
It remains to prove that if there are non-rectangular closed subgroups of G1 × G2, then Σ(G1) and Σ(G2) meet. Let
α1 be a non-trivial continuous homomorphism as in the ﬁrst paragraph. Then there is an x in H1 so that α1(x) is not the
identity of H2/N2. We may suppose that H1 = 〈x〉. Further 〈x〉 is either ﬁnite or proﬁnite and monothetic, hence we may
additionally assume that H1 is either Zp or Cpn for some prime p and n 1. Thus H2/N2 is either Zp or Cpm (some m 1).
Symmetrically, we have α2 : H2 → H1/N1 a continuous non-trivial epimorphism. As above, we may suppose H2 is either
Zq or Cqr for some prime q and r  1, and some non-trivial subgroup of H1/N1 is either Zq or Cqs . Hence p equals q, and
the spectra of G1 and G2 meet. 
5. Examples
In this ﬁnal section we compute the subgroup spaces of some well-known compact groups, making the above ideas
more concrete. Let S have underlying set {0} ∪ {1/n: n ∈ N} considered as a subspace of R—so S is a homeomorph of the
convergent sequence.
5.1. Examples: Proﬁnite groups
Ubiquitous in the theory of proﬁnite groups are the p-adic integers Zp deﬁned by: Zp = lim← Z/pnZ. We also recall
that the ‘group of proﬁnite integers’, Zˆ, is the product
∏{Zp: p prime}, or, equivalently, Zˆ is the inverse limit of the groups
(Zp1 × Zp2 × · · · × Zpn ).
S(Zp) = S .
Proof. The only closed subgroups of Zp are the identity and pnZp (n ∈ N). These latter subgroups may be easily shown to
be isolated. So S(Zp) is indeed a convergent sequence, with the identity subgroup as the unique limit point. 
S(Zp × Zq) = S2, for distinct primes p and q.
Proof. This follows from Theorem 27 and the preceding example. 
S(Zˆ) is the Cantor set.
Proof. By Proposition 13 and the previous example, S(Zˆ) is the inverse limit of Sn . This projective limit is SN , the Cantor
set. 
S(Zp × Zp) is a Cantor set surrounded by a dense, countable ‘halo’ of isolated points: the “Pelczyn´ski space”.
Proof. The subgroups of Zp × Zp , topologically generated by a single element (including the identity subgroup) constitute
a Cantor set. The open subgroups are all isolated, and collectively are dense in S(G). 
S(G(A,Q)) is the Cantor set.
Proof. Write G for G(A,Q). We show that S(G) contains no isolated points. Since it is compact and metrisable, it must
then be the Cantor set. Suppose, for a contradiction, that H is an isolated point of S(G). So {H} = B(H,U ) for some open
normal subgroup U of G . Then HU is in B(H,U ), and H is forced to be open. It is known that G is not (topologically)
ﬁnitely generated. Hence no open subgroup of G is ﬁnitely generated, and, in particular, H is not ﬁnitely generated. Let F
be a (ﬁnite) transversal of the cosets of U in H . Let K = 〈F 〉. Now we have our desired contradiction, K is ﬁnitely generated
and is in B(H,U ), so K = H , but H is not ﬁnitely generated. 
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S(T) = S .
Proof. The closed subgroups of T are T itself, and the ﬁnite cyclic subgroups. One can easily check that the ﬁnite subgroups
are all isolated in S(T), and T is their unique limit. 
S(Tn) = Sn .
Proof. We denote by Sm the closed subgroups of Tn of dimension m. We show that S(Tn) is scattered, with levels S0,S1,
. . . ,Sn . The top level, Sn contains only Tn . Thus S(Tn) is compact, metrisable, scattered of height n + 1, with singleton top
level, and so can only be (homeomorphic to) Sn .
Take any H in Sm . Observe that, if m 1, then H is the limit of all its closed subgroups of dimension strictly less than m.
(This fact prevents any collapse of levels.) Further, since the identity element H of Tn/H is isolated in Tn/H (by the same
argument as in Theorem 5.1.1), SH (Tn) is clopen. If m = 0, then SH (Tn) is ﬁnite, so H is isolated, as claimed. Suppose
now, that m  1. To complete the argument, it suﬃces to show that SH (Tn) ∩ Sr is ﬁnite for m  r  n. Take any K in
SH (Tn) ∩ Sr . Consider the identity components K0 of K and H0 of H . Of course, K0 ⊆ H0 and dim K0 = r m = dim H0.
Since K0 and H0 are connected Lie groups, K0 and H0 must be identical. There are just ﬁnitely many closed subgroups
between H0 and H (because H0 has ﬁnite index in H). 
S(TN) is the Cantor set.
Proof. It is convenient to apply Pontryagin duality here. The dual of TN is
⊕
n∈NZ. Let us write W for
⊕
n∈NZ. We will
show that Sp(W ) (is compact, metrisable and) has no isolated points, and so is homeomorphic to the Cantor set.
Take any H in Sp(W ), and any basic neighbourhood of H , say B(H, F ) = {K : K ∩ F = H ∩ F }, where F is a ﬁnite subset
of W . Since 〈F 〉 is ﬁnitely generated, while W is not ﬁnitely generated, we can ﬁnd a non-trivial subgroup K1 of W such
that K1 ∩ 〈F 〉 = {0}. Then K = 〈F ∩ H〉 ⊕ K1 is in B(H, F ), and is distinct from H . 
Calculation of the subgroup space of other compact groups depends on an understanding of the space of subgroups of (1)
proﬁnite groups and (2) compact Lie groups.
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